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Spin Variations in Slender
Entry Vehicles during Rolling Trim

WILLIAM J. BOOTLE*
Avco Systems Division, Wilmington, Mass.

Nomenclature
e.g. = center of gravity
c.p. = center of pressure
Cmq = damping in pitch derivative
Cma. = pitching moment coefficient derivative
CN<* = normal force coefficient derivative
D — vehicle reference diameter
Ix,y,z = moment of inertia in roll pitch, yaw
Ixy,Izz = products of inertia
KCr = critical double asymmetry product for steady resonance
p = vehicle roll rate
p = roll acceleration
q = dynamic pressure
R — amplification ratio
S = vehicle reference area
t = time
VE = vehicle entry velocity
X = dimensional value of static margin
OLT,@T = static trim angles in pitch, yaw
/8 = density lapse rate for an exponential atmosphere
yE = flight path angle at entry
Ar = radial e.g. offset
A#,Az = vehicle e.g. offset along y, z axes
e = principal axis misalignment angle
X = a nondimensional parameter defined in the text
p = atmospheric density
coc = vehicle critical frequency (CmaqSD/Iy — 7*)172

Subscript
0 initial value

Introduction

WHEN a slender spinning vehicle enters the atmosphere
at angle of attack, the resulting oscillations in pitch are

rapidly damped and the envelope converges to some limiting
value commonly referred to as the rolling trim angle. The
latter is a function of the basic configurational asymmetry
and the ratio of the spin rate to the critical frequency, which
for slender vehicles is essentially the undamped frequency in
pitch. Figure 1 is a convenient schematic showing the char-
acteristic locus of rolling trim, for a vehicle having a small
nonzero trim angle. In the general vicinity of resonance
(0.95 < p/coc < 1.05) the static value exhibits large amplifica-
tion which can result in large normal loads and significant roll
torques whenever the e.g. or c.p. is off the axis of symmetry.
These torques may, in turn, produce large variations in the
spin rate.

Spin behavior resulting from configurational asymmetry is
of interest because it has been demonstrated by Pettus1 that
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Fig. 1 Schematic of
rolling trim orienta-
tion and amplifica-

tion with p/«c«
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the slender entry vehicle is particularly sensitive to roll-pitch
lock-in. When this occurs, the spin rate builds up in unison
with the pitch frequency and a condition of persistent res-
onance then exists accompanied by large and possibly
catastrophic excursions in angle of attack. It is promoted
by one or more forms of inherent or acquired compound
asymmetry in excess of some critical threshold level. Various
criteria for its occurrence and avoidance have been de-
veloped in the literature.1"6

This Note deals with the transient response of a vehicle in
rolling trim at first intersection of the spin and pitch fre-
quencies, and the susceptibility to steady resonance im-
mediately thereafter for the two types of compound asym-
metry shown in Fig. 2.

Transient Resonance Response
The characteristic excursion in angle of attack which occurs

at the altitude of transient resonance is usually not of great
concern. However, it does become important when con-
sidering resonance susceptibility, since the roll torques
associated with this transient response will determine whether
p exceeds coc, which is a necessary condition for lock-in.

It has been demonstrated analytically by Kanno7 that the
angle-of-attack response of a slender entry vehicle to transient
resonant excitation can be conveniently expressed as a func-
tion of the nondimensional parameter X, where

X = p<>(l - Ix/2Iy)/pVE smyE (1)

The analysis presupposes a linear flight path, constant
velocity, and constant roll rate p0. A numerical solution for
|a/ar|max which will be referred to as the amplification ratio

A) B)

Fig. 2 Compound asymmetry models comprising radial
e.g. offset and A) opposing coplanar trim, B) orthogonal

leading trim.
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Fig. 3 Transient amplification ratio as a function of X.

RT, is given in the reference for the case where Cmq is zero,
and is shown in Fig. 3. One can curve fit this solution to ob-
tain a simple expression for RT thus:

RT = 2(A)l/2 (2)
for X > 1, which is perfectly acceptable since most entry
vehicles of interest here have X values in excess of 10.

If the vehicle has a negative Cmq the amplification will be
reduced and likewise the susceptibility to resonance. The
converse is true if Cmq is positive. In order to determine the
effect of Cmq on RT, six-degrees-of-freedom digital computer
studies have been performed8 in which Cmq has been varied
parametrically. Several vehicles have been evaluated, and
this has led to the generalized set of working curves for RT
shown in Figure 3. The Kanno solution is seen to be slightly
conservative. The curves can be used to determine not only
the angle-of-attack excursion induced by trim at transient
resonance, but also the correction factor which must be
applied to resonance criteria in order to reflect the Cmq effect.
This is discussed in the next section.

A Criterion for Steady Roll Resonance

An expression can now be developed for predicting the
critical level of double asymmetry above which steady
resonance will occur following transient resonance. The
analysis will be applied to the case of a e.g. offset and an
opposing coplanar trim and then to show that this solution is
also closely applicable to the orthogonal leading trim case.

As stated previously, the necessary criterion is that p exceed
d>c. At initial resonance, with the rolling trim at 90° phase
lag:

p = CNotRT(aT'&z)qS/Ix (3)

One can express coc as a function of t and hence obtain its
derivative by assuming a straight line flight path, a constant
vehicle velocity equal to the entry value, and an exponential
variation of density with altitude. This gives coc = (a>c)0

«•
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Fig. 4 Comparison of analytical prediction for JKcr with
six-degrees-of-freedom computer results as a function of

entry roll rate.

exp [@VE sinTjs?/2 ] whence :

coc = coc/37^ sin7i?/2 (4)

Applying the criterion and rearranging, it is required that

(ar- Az) > wJxPVs smyE/2CNaRTqS (5)
Substituting for RT from Eq. (2) :

7,/2I,)]i/» (6)

Thus, resonance will occur if the double asymmetry product
exceeds the value of the expression on the right, which will be
referred to as Kcr. The latter can be simplified by noting
that at resonance p = coc and also that CVa = —CNuX/D.
Substitution and rearrangement of these terms leads to the
result:

(7)

The term (1 + 3Ix/4Iy) can be set equal to 1 so that

£cr = (Ix/4Jy)(f3VE Bi (8)
Now consider the orthogonal case. Figure 1 shows that in

the vicinity of resonance, with p/u>c slightly less than unity,
the amplified rolling trim is to all intents and purposes at zero
phase lag with respect to its static location. To be conserva-
tive, the assumption is made that the full moment arm kz is
realized. This leads to the same expression for KCT.

Equation (8) has been found to give good correlation with
values for KCT determined by analog and digital computer
simulation. Typical results are shown in Fig. 4. As would
be expected, a slightly greater level of orthogonal asymmetry
can be tolerated than with coplanar before the onset of steady
resonance.

The equation for KCT is based on a curve fit for RT which
assumes zero Cmq. Since steady resonance susceptibility
varies directly with RT, it is possible to obtain a simple cor-
rection for Kcr for nonzero values of Cmq by means of the
equation:

(9)

where RT values are read directly from Fig. 3.

Effects of Products of Inertia

It can readily be deduced from the equations of motion that
the inertial asymmetry terms Ixy and Ixg induce equivalent
trim angles of the form:

OLT = -(p/<*e)*I*,/l* -
(10)

where Ixy/Iy — /* and IXS/IV — I* represent the absolute
values of the components of principle axis tilt e in the y and z
directions. At resonance where p = coc, the equivalent trim
is equal to the principle axis tilt and this is the angle which is
amplified.

Hence, a radial e.g. offset in combination with a principle
axis component whose orientation is equivalent to one or
other of the two compound asymmetry models considered
previously might be expected to produce lock-in if the product
exceeds Kcr. This does happen in the case of orthogonal
combinations but not with the coplanar model. In the
latter case, angle-of-attack histories obtained on the com-
puter simply show an equivalence at transient resonance, but
lock-in does not occur even when the equivalent trim is raised
by an order of magnitude above its KCT level. A satisfactory
explanation is beyond the scope of this Note.

These considerations lead to the following mass balance
criteria for the avoidance of high altitude steady resonance in
a vehicle having a positive direction of spin:

< 0; (U)
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and if conditions of Eq. (11) cannot be met then,

Ar(e + «r) < Kcr (12)

where OLT is some trim angle caused by external configurational
asymmetry. At high altitude prior to the onset of significant
ablation, this term is probably negligible. For negative spin
directions, the inequality signs in Eq. (11) are reversed.
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Application of Transformation Methods
to Wedge-Shock/Boundary-Layer

Interactions

DONALD R. KOTANSKY*
General Dynamics, Fort Worth, Texas

THE need for a method for the prediction of changes in the
properties of the compressible turbulent boundary layer

in the region of interaction with wedge or corner-induced
oblique shock waves led to the development of the method
presented here. The successful application of compressible
boundary-layer transformation techniques to related prob-
lems by many authors, notably the application of boundary-
layer transformation techniques to ineident-reflecting-shock-
wave/boundary-layer interaction problems by Seebaugh,
Paynter, and Childs,1 suggested the application of this tech-
nique to the wedge-shock/boundary-layer interaction prob-
lem.

General Properties of the Power- Law Transformation

The basic relationships are derived following the analysis
of Ref. 1. The physical coordinates are transformed to a new
set of coordinates for a corresponding incompressible flow

X(x) = x

Y(x,y)

(1)

(2)

It is assumed that the stream function, ^, is invariant under
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the transformation and that the physical compressible bound-
ary layer velocity profile may be expressed as a typical turbu-
lent power-law profile, i.e.,

u/ue= (y/d)1'"- (3)
A similar relationship is assumed for the transformed flow

U/Ue = (F/A)1/* (4)
The assumption of constant energy in the boundary layer

requires that the local stagnation enthalpy in the boundary
layer be equal to the freestream stagnation enthalpy. For a
perfect gas, this results in a simple relationship between local
velocity and static temperature. The maximum attainable
velocity, wmax, is that velocity corresponding to zero static
temperature. If <t> is defined as the ratio of ue to ^max, this
relationship becomes

T = (5)
Through the use of the equation of state for a perfect gas and
the assumption that the static pressure is constant through
the boundary-layer thickness,

8 = fo T/TedY

Substitution of Eq. (5) into Eq. (6) and evaluation of the
integral yields

8 = DA (7)
where

D = (1 - 4>2)-i[i - N<W(2 + N)] (8)
From the relation between the physical and the trans-

formed velocity and the definition of the stream function,

U = (d*/5F) = (Pe/Po)u = (p./p)(W/*y) (9)
The invariance of the stream function requires that

*(y = A) = t(y = 5) (10)
From Eqs. (9) and (10),

f**UdY = fipudy (11)

Evaluation of the integral on the left-hand side of Eq. (11)
and further simplification yields

[1 -

(y/S)1'" d(|)
+ AT)] = Jo [1-, '

N) (12)

Evaluation of the integral in Eq. (12) for various Mach num-
bers and compressible power-law exponents, l/n, yields the
results shown in Fig. 1.

Wedge- Shock/Boundary-Layer Interaction

The control volume selected along with other necessary
geometric quantities for the two-dimensional wedge-shock/
boundary-layer interaction model is shown in Figure 2. The
stream wise boundaries of the control volume are the compres-
sion surface downstream of the corner and a streamline pass-
ing through the corner shock in the inviscid region of the flow.
The flow in the boundary layer passing through the control
surfaces is assumed to be parallel to the compression surfaces.
This precludes the existence of large flow disturbances in the
boundary layer upstream of the compression corner; this is
substantiated by experimental data in Ref. 2 where it was
found that, in the absence of separation, the upstream in-
fluence was considerably less in extent than a length equiva-
lent to one boundary-layer thickness. This requirement and
the assumption of negligible wall shear stresses on the com-
pression surface downstream of the compression corner within
the interaction control volume are the most significant simpli-
fications in the formulation of the model.


